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Abstract. Gradient estimates are derived for the semigroup associated to a class of stochastic 
differential equations driven by multiplicative Levy noise, where the noise is realized as a subor- 
dination of the Brownian motion. In particular, the estimates are sharp for ar-stable type noises. 
To derive these estimates, a new derivative formula is established for the semigroup by using the 
Malliavin calculus and a finite-jump approximation argument. 



1. Introduction 

Consider the following stochastic differential equation (abbreviated as SDE): 

dX t = b t (X t )dt + o- t (X t )dL t , (1.1) 

where L, is a Levy process, and 

b : [0, oo) x R d -> R d , <t : [0, co)xR J ^ R d ® R d 
are continuous such that 

max{<VA,v), l|V v( r,||2 s } < K s \v\\ S >0,veW< (1.2) 

holds for some positive function K e C([0, oo)). Then for any x 6 R d , (11.11) has a unique solution 
{X t (x)} t> o starting from x. We aim to investigate the gradient estimate of P, : 

P t f(x) := Ef(X t (x)l t>0,feS b (R d ), 

where S b (R d ) denotes the space of all bounded Borel measurable functions on R d . 
When b t (x) = Ax for a matrix A and cr t (x) = Id, the gradient estimate of type 

|VP,/| < WfWcortt), t>0, feS b (R d ) 

has been derived in [|7] using lower bound condition of the Levy measure, and in [6 1 for A = 
using asymptotic behaviours of the symbol of L f ; see also (81 for a derivative formula by using 
coupling through the Mecke formula. 

Recently, a time-change argument was introduced in [fTDl to establish the Bismut derivative 
formula of P, for the case that L t is the a-stable process, cr t is invertible and independent of 
the space variable (i.e. the noise is additive), and Vb t is uniformly bounded. In particular, this 
derivative formula implies that for any p > 1 there exists a constant C(p) > such that (see [fTOl 
Theorem 1.1]) 

IWI < ^r(P t \f\ p ) Up , f 6 S b (R d ), t > 0. (1.3) 

1 A t° 

Using this time-change argument and the coupling method, Hamack inequalities are then estab- 
lished in BH. 
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In this paper, we intend to extend the gradient estimate (11.31) for more general symmetric 
Levy process L t and space-dependent a t (i.e. the noise is multiplicative). Notice that if b and a 
are independent of t, then the generator of P, is given by 

£f(x) = b(x)-Vf(x)+V.Y. f [f(x + cr(x)y)-f(x)Mdy), 

J?" 

where v(dy) is the Levy measure of L t , and P.V. stands for the Cauchy principal value. 

From now on, we let L t be a symmetric and rotationally invariant Levy process, which can 
be formulated as subordination of the Brownian motion. More precisely, let {V^ ? }^ be a d- 
dimensional Brownian motion and {S t } t>0 an independent subordinator process associated with 
a Bernstein function B with 5(0) = 0; i.e. {S t } t> Q is an increasing process with stationary 
independent increments such that 

Ee-" 5 ' =e~ tB(u \ u>0,t>0. 

Then L t := W Sl is a Levy process with symbol *F(£) := B(\g\ 2 ) (see e.g. [1]). In particular, if 
B(u) = for some constant a e (0, 2), then L t is called the a-stable process. So, the equation 
(11.11) is now reduced to 

dX t = b t {X t )dt + o- t (X t )dW St . ( 1 .4) 

We assume 

(A) Vb t (x), Vcrt(x) are locally (uniformly in t) Lipschitz continuous in x, such that 

\\Vb\\ t := sup ||VZ? S (*)|| < +oo, ||Vcr|| r := sup ||Vo-,(*)|| < +oo, t > 0, (1.5) 

se[0,t\,xeM. d se[0,t],.xeR d 

where || • || stands for the operator norm, and for some positive increasing function c. and 
some constant m > 

sup \a-\x)\ < c f (l + \x\ m ), t > 0,jc 6 R d . (1.6) 

*s[0,f] 

Obviously, (|1.5I) implies (|1.2I) and hence, the existence and uniqueness of the solution. Before 
stating our main result, let us briefly recall the main argument introduced in IfKfl for the study 
of the additive noise case, and explain why this argument is no-longer valid in the multiplicative 
case. 

In the additive noise case where cr t (x) = a, is independent of x, for a fixed path I. of 5., we 
may reformulate the equation (11.41 ) as 

dZf = b t (X [ t )dt + (T t dW( t . 

To establish a derivative formula for P c ; with P c ; f := Ef(Xf), consider the following regulariza- 
tion of I. for s > 0: 

1 r t+E 

<?:=-j £ s ds + st, t > 0, 

and the associated stochastic differential equation 

dXf = b t (Xf)dt + <r t dW ef , X E = X e Q . 

Then for any t > 0, as e | we have £ E t | l t and Xf X\ , VXf VXf in L P (P) for any p > 1 . 
Since t e t is absolutely continuous, Xf is indeed a diffusion process, so that an existing Bismut 
type derivative formula applies. Therefore, letting s [ we derive a derivative formula for P[ . 
Now, coming back to the multiplicative noise case, we consider 

dXf = b t (X e t )dt + o- t {X e t _)dW tt , 
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and the corresponding approximation equation 

dXf = b t (X E )dt + o- t (Xf)dW (f , X s = 4. 

Since we only have weak convergence d£f — » d£ t as Lebesgue-Stieltjes measures, but the func- 
tion s i-» cr s (X*_) is however discontinuous, the assertion that Xf — » is no-longer true! A 
simple counter-example is that b t {x) = 0, o~ t (x) = sjl + \x\ 2 and £ = l[i >00 ), since in this case for 
^ = 0we have Zf = W { such that E|X[| 2 = d, but 



d|Xf| 2 = J(l + |Zf| 2 )d^ + 2<X ; £ , ^/l + |Xf| W, f >, 



such that 



E|X e | 2 = e^ 



de~ M >d£ E = e df i - 1 > e a - 1 > d. 



Therefore, in this case we have to introduce different arguments. 

Fortunately, by using a finite-jump approximation (i.e. approximating I by those of finite 
many jumps in finite intervals) and the Malliavin calculus, we are able to establish a nice deriv- 
ative formula for P\ (see Theorem 3.2 below), which in turn to imply the following main result 
of the paper. 



Theorem 1.1. Assume (A) and let P t be the semigroup associate to equation (11.41) . 

(i) For fixed R > 0, let r := inf{* : S t > R). //ES" 1 / 2 < 00, then for any f e ® b (R d ), v 6 
we have 



1 / f tfxT WAT 

f(X t )—[ (o-~\X^)V v X^,dW Ss )+ Tr(cr- l V^ Xs _o- s )(Xs-)dS s 

>J fAr \ JO JO 

JntAT p 
(o-- s 1 (X s _)V VvXs _o- s (X s _)y,y)N(ds,dy) 
Jw 

where N is the random measure associated to Ws,, i-e., 

N(t,T):= ^ lr(AW 5l ), T e 33(R d ). 



(1.7) 



(1.8) 



se[0,f] 



(ii) For any p > 1, there exists a constant C > such that 
\VP t f(x)\ < C(l + \x\ m )(P t \f\ p ) yp (x) 



H 


i 1 1 











(/>-!)//> 



(1.9) 



holds for all t > 0, x £ R d and f e Sfo(R. J ). Consequently, if B(u) > cm? holds for u > wo> 
where a e (0, 2) and c, wo > are constants, then for any p > 1 ?/zere exists a constant 
C > swc/z that for all t > 0, x e R d and f e S h (R d ), 

C(l+\x\ m ), 



\vp t f(x)\ < ^ /wr) 1 ^*). 



(1.10) 

(t A 1); 

We remark that according to known derivative estimates of the a-stable process, the gradient 
estimate (11.101) is sharp in short-time for S t being the a-stable subordinator (i.e. B(u) = ui). 
Moreover, (11.101 ) recovers (|1.3t in the additive noise case by taking m = 0. 

The remainder of the paper is organized as follows. In Section 2 we briefly recall the in- 
tegration by parts formula in the Malliavin calculus and present some lemmas on finite-jump 
approximations. These are then used in Section 3 to establish a derivative formula for Pj. Fi- 
nally, in Section 4 we present explicit gradient estimates of P\ and a complete proof of the above 
main result. 
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2. Preliminaries 

Let (W, H,// w ) be the classical Wiener space, i.e., W is the space of all continuous func- 
tions a) : R + — » R d with co = 0, H is the Cameron-Martin space consisting of all absolutely 
continuous functions h e W with 

i2 



\\h\\u := \h s \ 2 ds < +00, 
Jo 

and fi w is the Wiener measure so that the coordinate process 

W t (co):=co t 

is a J-dimensional standard Brownian motion. 

Below we recall some basic notions about the Malliavin calculus (cf. B3HH). Let U be a real 
separable Hilbert space. Let ^(U) be the class of all U-valued smooth cylindrical functionals 
on Q. with the form: 

m 

F = Y J fi(W(hi),---,W(h n ))u i , 

(=1 

where n > e C~(R n ), u t e U, /n, • • • ,h n e H and 

Jr»co 


The Malliavin derivative of i 7 is defined by 

m n 

i=i y=i 

It is well known that the operator (D, <^(U)) is closable from L 2 (W; U) to L 2 (W; U ® H) (cf. 0] 
p. 26, Proposition 1.2.1]). The closure is denoted by (D, ^(JJj). The dual operator 6 of D (also 
called divergence operator) is defined by 

E{DF, £/) H = E(F6(U)), F e @{D), U e ®{8). 

Notice that the following divergence formula holds: for any F e S>{D) and U e S>{5), 

S(FU) = F6U + (DF,U) n . (2.1) 

Let J^, w := cr{ ■ : 5 < t) be the natural filtration associated to W t . If t/ ? (a>) = f u s (io)ds, where 
«,s is an jF f w -adapted process on R d with E C° \u s \ 2 ds < 00, then u e 3>{S) and 

6(U)= (u s ,dW s ). 
Jo 



Next, for : [0, 00) — > [0, 00) being an absolutely continuous increasing function with /3 = 
and locally bounded derivative 0,, set 

Wf := f $ s dW s , t>0. (2.2) 
Jo 

It is easy to see that t h-> wf is a process with independent increments and 

if:=E|ttf| 2 = f \0/ds. (2.3) 
Jo 



Let § be the space of all purely jump cadlag and increasing functions, i.e. the path space of 
(5 f )f>Q. For any i e § and s > 0, we shall denote 

A£ s := 4-4- 

We recall the following Burkholder's inequality (cf. [fTOl Theorem 2.3]). 

Lemma 2.1. Assume that i; t is an ^J* -adapted cadlag W 1 -valued process and satisfies that for 
some p > 0, 



TTzen ?/zere en'sto a constant C p > swc/z that for all T ^ 0, 



E sup 

\fe[0,7-] 



£^_d^ P )<C p E^ r |^_| 2 d4)' 



Finally, for fixed feS and e > 0, define 

We present below a key lemma about the approximation £f for later use. 
Lemma 2.2. Let ^ be an JF* -adapted cadlag W 1 -valued process with 



sup sup E|£f < +°°, T > 0. 

re[0,r] ee(0,l) 



77zen we have 



lim sup ! 

£ -L° t€[0,T] 



= 0, 



where Wf is defined by < \2.2\) . 

Proof. Without loss of generality, we assume T = 1. For t e [0, 1], set 

t„ := [n*]/n, £ : = (["fl + !)/»■ 
Fix e 6 (0, 1). Since c J^ w , by the left-continuity of s h> g_ and d23T> . we have 



E 



lim E 



Jo 



= lim E 

n— >oo 



t(k+\)ln tk/r 



.-J , 
= lim V E|&„| 2 E(Wj [ - Wj - Wf + Wf 

£=0 

< C lim V E(Wj - Wj - W? + W? J , 



(2.4) 



(2.5) 



(2.6) 



(2.7) 



where we have used the independence of £f, and W> s - 

K/ " (*+!)/» k/n 



£(t+l)/n ft/n 



Notice that if £ kjn > £ E , then 



(\2 ( r^lk+nin rt(k+\)in "\ 2 

W% - - W? + W? = E ' AvdW, - &dW s 



^ 5 | 2 ds + IAvl 2 d5 = 4 



-4 + £ 



e lk+l)ln r k/n hk+Y)ln kin 



and if 4/„ < £? k+l) ,„, then 



Hence, 



where 



( 



E[W 



-w* -w, 



■Si 



+ w 



'■(k+V)ln v k/n 
~^k/n 



rlk/n r t (k+l)h 



£(k+l)/n 4/, 
t(k+V)ln 



\2 ( f^k/n 

•Ml ' 



X£(*+l)/n 
PAwA 

-(k+l)/n ) 



"kin 



t(k+l)/n t\ 



(k+l)/n 



n—\ 2 

I E K +1)/ „ - *i - *w + <J = e) + h(n > s) > (2 - 8) 

4=0 



n-1 

h(n, s) := Y (Z - Z + /if - / ) 

4=0 



(*+!)/» 



Jo 





n-1 



/i„ £ /i —A 

£e+ — £ 



Sn 



I + -£ 



h(n,s) :- 



4 + A® 



— A p . 



k=0 

1 



kin f (*+D/" i4/n< ^D « 



= 1 



-4 

•-sn "-in 



^ - £. 



+ 



4t £ s 



Noticing that as n —> oo, 



and as e X 0, 



by the dominated convergence theorem, we have 



lim lim e) = lim 

slO n— >oo eIO 



+ 



£ X ^ X 



Jo 



£ - £ 

v S v s- 



h >e d£ s = 0, 



(2.9) 



and 



lim lim I 2 (n, s) < lim 

ej,0 n-»oo ej,0 



Jo 



Combining (|2.7I) - (|2.10I) . we obtain the desired limit. 

3. Derivative formula for 
In this section, we fix an I e 8 and consider the following SDE: 



l^-^fd^s - 0. 



(2.10) 



X<(x) = x + b s (X { s (x))ds + (r s (X c s _(x))dW (s 
Jo Jo 

for b and cr satisfying (A). Under (|1.5I) . it is well-known that {Xf(-), t > 0} forms a C'-stochastic 
flow (cf. E p.305, Theorem 39]). Let VX/ := (5 ; (Zf) ! (x)) y be the derivative matrix. Then 

V v Zf := (V v (X £ t )d l<i<d = (VXf)v, v e R J , 

and ? ; 

V v Xf = v+ f V^/Xfrb + f V VvXtC r,(Xf_)dW 4 . 
Jo Jo 
We first prepare the following lemma. 

Lemma 3.1. Let a t = sup se[0 ;] \b s (0)\ andy t = sup ig[0 ?] ||cr s (0)||. Then, for any p > 2 ?/zere exisfs 
a constant c(p) > sac/z that for all t > an J * e 



sup |ZfW|M < c(p)(\x\ + a t t + y, V^f exp \c(p)(\\Vb\\ft p + ||Vcr||f4)} , (3.1) 

se[0,r] I > 



and 



El sup WVX^xW I < c(p)exp{c(p)(l|Vfc||?f + ||Vo-||f^) 



je[0,f] 



Moreover, for any T > an J x 6 R d , 



lim sup E|*f (jc) - X c t (x)\ 2 = 0, lim sup E|VZf (x) - VX e t (x)\ 2 = 0. 

£ -L° te[0,T] e -L° te[0,T] 



(3.2) 



(3.3) 



Proof. (1) We simply use X v to denote X e s (x). Since 



|X/ < 3 p - l \x\ + 3 p ~ l 



f 

Jo 



^(JSQd* 



+ 



f 

Jo 



cr,.(X,-W 



and 



Mx)\ < \\Vb\\*\x\ + a s , \\o- s (x)\\ < ||Vo-||,W + y s , 
by Lemma I2TT1 and Holder's inequality, there exists a constant c(p) > such that 

E ( sup \X S A <c(p)(\x\ + ta, + y t JT) P + c{p)\\ Vb\\ P f~ 



se[0,t] 



+ c(p)\\Vo-\ 



IfC 1 f 
Jo 



sup |Z r | p |d5 

\re[Q,s] 



sup ix r r|d4. 

r€[0,j] 



By Gronwall's lemma, this implies (13.11) . 
Similarly, noticing that 



\\VX t \\ p < 3"" 1 +3 p - 1 \\Vb\\f 



Jo 



|VX,||ds 
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+ 3"" 1 



I 

Jo 



Vo- s (Xl)VX € s _dW {l 



by Lemma [ZT] again and Holder's inequality, there exists a constant c(p) > such that 
sup ITOH^cC^ + c^HV^IIf^- 1 



J€[0,f] 



sup ||W|d.s 

\r€[0,s] 



+ c(p)\\V(r\\^t l f e(su P \\VX r \\ p )d£ s , 

Jo Ve[0,i] / 



which implies (13.21) by Gronwall's inequality again. 
(2) Let Yf := Xf - Xf. Then for all t < T, 



E\Y?\ 2 < 3||Vfc|| 



]T f 
Jo 



| 2 dj + 3||Vcr|| 



f 

Jo 



Y E s \ 2 d£ s + 3R E , 



where 



R°:= 



f o- s (X e s _)dW { s- f 
Jo Jo 

By Gronwall's lemma and Lemma I2T21 we obtain 



cr s (Xl)dW e 



lim sup E|Ff | 2 < 3e 3 ll Vi, llr r2+3 " Vcr llr^lim sup R E = 0. 

e -L° t€[0,T] £ -L° t€[0,T] 

The proof is finished. □ 
We now prove the following derivative formula: 

Theorem 3.2. Assume (11.51) and (11.61) . Let be an increasing C 1 -function with fi = 0. For any 

v eR d and f e !B b (R d ), we have for all t > with f3 (l > 0, 



pit 



J^" <£r; 1 (Xj_)V v Xj_,dWj> + JT Yr(o-~ l V VyX{s O- s )(Xl)d/3 e 
+ J] (<r;\Xl)V VvXl o-AXi)AWl,AwA 



S€[0,t] 



(3.4) 



where W 13 is defined by (\2.2\) . 

Proof. By Lemma [3TT1 (A) and an approximation argument, we may and do assume that / e 
Cl(R d ). (1) Let us first establish formula (13.41 ) for I e S with finite many jumps on any finite 
time interval. For the simplicity of notations, we shall drop the superscript 'T' and variable "x". 
Let J't solve the following matrix- valued ODE 



f Vb s (X s )J s i 
Jo 



J- f = /+ f V/; V (A\)/Ld.v. 
By the variation of constant formula, it is easy to see that 

V v X f = J t v+J t f J^.a^X^dWe 



(3.5) 



Let = to < t\ < ?2 < • • • < t n < • • • be the jump times of I. Fix veR rf and set h = 0. Define 
hell recursively as follows: if s e for some & > 1, then 

/i, := + (fi, -fa tk Ja tk \X tk -){V y X tk - + V VvXfk _cr tt (X tk „)AW eik ). (3.6) 
For this h, it is standard to prove that (cf. (JU) 

D h X t = f V D;A ^(X,)d5 + f V D „ Is _(7 s (X s _)d^+ f o- s (Z,_)d^ s . 
Jo Jo Jo 



As above, one can write 

D h X t =J t f J- l V DhXs _cr s (X s „)We s +J t f j; l o- s {X s -)dhe s . (3.7) 
Jo Jo 

Let us now use induction method to prove 

D h X t =fa,V v X t , t>0. (3.8) 
First of all, for all t e [0, t\), by definition we have 

D h X t = 0, p (t = 0, 

and so (13T8T) holds for all t e [0, t { ). Suppose that (13T8T) holds for all t e [0, t m ). Then, by (f3T6l) . 
(13.71) and induction hypothesis, we have for t e [t m , t m+ i), 

D h X t =J t f J: l V DhXs _cr s (X s -)W (s +J t f J- l a s (X s „)&h (s 
Jo Jo 

m 

= JtYj J? (v Dl ,x, t -Cr tk (X tk -)AW ( , k + <r tk (X tk „)Ah e , L ) 
k=i 

m 

= Jt^J? Kyv v x tk .o- tk (X tk _)AW h + (fi e , k -p (t j{V y X tk _ + V Vv ^_cr^_)A^)} 



k=i 



= JtYj(We tk -Pe t JJ;^yX tk _ +/3 (lk J; k i V VwXlk a tk (X^)AW eik )(-:/3 eik _ = fc, k J. 

k=l 

On the other hand, by (|3.5I ) we have 

j; k l v v x tk _ = v + f jj'v^o-^x^dw^ 

J\oa) 



'[OA) 

—u 



= v+ f J^V v ^_(T s (X s -)dWe s . 

J[0A-i] 



Hence, for all t e [t m , t m +\), we further have 



D h X t =J t yLv+/3 e [ j; l V VvXs _o- s (X s _)dW €s 
kT\ \ J [OA] 

f J; l V VvXs _cr s (X s .)dwA 
J[0A-i] / 



J[0,f,„ 

Thus, (|3.8I) is proven. 
Now, if 

Pt, > 0, 



then by (|3.8I) and the integration by parts formula in the Malliavin calculus, we have 

V V E/(X,) = E(v/(Z,)V v Z t ) = j-E(Vf(X t )D h X t ) = ^(f{X t )8{h)), (3.9) 

provided h e 3i{6). Notice that h defined in (|3.6I) is non-adapted because of the term AW{ . 
Neverethless, 6(h) can be explicitly calculated as follows: Define 

h(s) = 0S(,v Vi) a^ -p et Jcr^(X tk _){V y X tk _ + V Vv ^,_cr,(X,.)AW f J, 5 > 0. 



Noting that 



where 



hf\s) := ^ VlW4 -/^<(X f ,_)V v X^_, 
are adapted, we see from ([L6l and (IP . that /i e ^(<T); and by (O l. 



= f ( ( r; 1 (Z I _)V v X,_,d^f>+ f TrCcr^Vv^.^)^,)^ 
Jo Jo 

+ ^ <a-; 1 (^)V VT ^£r,(^)AWf i ,AW^ 1 >. 

By d3T9i this implies (1341 

(2) For general f 6 §. Let ^ e be defined by (|2.6I) . It is well known that has finite many 
jumps on any finite interval. By formula (13.41 ) for £ E , we have 

V r Ef(Xf) = h(s) + I 2 (s)+h(s% 



(3.10) 



where 



his) 
his) 
his) 



Ay 

1 



fiXf)£cr-\Xf_)(v y Xt)dW> 
Wf) jT Tr^ 1 V VyXf!( r,)(Xf 
/(Xf) X (^'(XDVv^^DA^, a^> 



Set 



£ = ^VOVvC & = cr-\xl)vX- 

By (|1.5I) . (11.61) and Lemma l3Jl it is easy to see that 

limE|£-6l 2 = 0. 

filO 

Hence, by Lemma [221 and the dominated convergence theorem, we have 



limE 

ej.0 

and so, 



Jet pt 2 „ t 2 

? s dK>~ ^ dw f < limE if s -^)dW^ =lim E|£-£| 2 <LlJ =0 
o s Jo e - 1 - Jo e -L° Jo 



lim/i(e) = —I 

-lo fa, 



fiXi) f a-'iXijftX-)^ 



(3.11) 
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Similarly, we have 



lim/ 2 (e) = —I 

sio J3 (l 



f(X e t ) f Tr(cr; 
Jo 



To treat h(s), we set 



Then 



and 



K := (o-; l V VvXf _o- s )(Xf_), A s := (^V.w^XXfj. 



rft-= Yj (o-;\xf_)V VyXf _a- s (Xf_)AW^,AW ( s) = £ (A^AW^AWr-) 



(3.12) 
(3.13) 



*€[0,f] 



;/,:= ^ <cr; 1 (Xf_)V Vv4 C r,(Xf_)A^,AW f! )= £ <A,Aw£,AW,,>. 



se[0,t] 



se[0,t] 



Letting || • \\ p denote the //-norm with respsect to P, we obtain for p e (1, 2) that 
where 



H-m\\p < Ji(s) + J 2 (s), 
Me) - Y \\{A s AW p (V AW n )-{A s AWl,AW ts )\\ p , 

S€[0,fl 

Ue) := £ |K(Af-A,)A^,AWif>|| p . 



je[0,fl 



By Holder's inequality, (11.61) and Lemma [3TT1 for g = 2£- and some constants Ci, C 2 depending 
on p and we have 

Ms) < d £ ||A.,|| 2 ,||AWy| 2(? ||AWf ? - AWfj| 2 



se[0,f] 



+ 



Ci £ \\A s \\2 q \\AWP\\ 2q \\AW e c-AW t 



CM 



se\0,t] 



xl/2 



< C 2 (l + W m ) 

l.ve[0,r] 

+ c 2 (i + un 



\l/2 



/?l|2 



\l/2/ 



V.ve[0,r] 



\l/2 



X IIAWfjl^ 2 ||AWij-AW< 



4112 



Vse[0,f] 



(3.14) 



which converges to zero as e J, due to the argument in the proof of Lemma [2T2l where x is the 
initial point of X e s . 
Similarly, we have 

J 2 {e) < C V ||Af - A,|| 2 (A^) 1/2 (A4) 1/2 < C sup \\A S S - A s \\ 2 (3.15) 

which goes to zero as e I by Lemma [3TTT By the dominated convergence theorem, and 
combining this with (13.141) and (13.151) . we obtain 

\imMe) = ^E[f(X c t )r ]t ]. 

S|0 L J 

Therefore, the proof is finished by taking e \ in (|3.10l) and noting that due to (13.31) . 

limV v E/(^) = V v E/(Xf). 

£^>0 
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□ 



4. Derivative formula and gradient estimate for P t : Proof of Theorem 1.1 
Let !Bb(M- d ) be the set of all bounded measurable functions on R J . Consider 
P\f{x) := E/(Xf(x)), xeR^>0,/6 S b (R d ). 
We first prove the following gradient estimate for P\. 

Theorem 4.1. Assume (|1.5I) and (11.61) . For any p > 1, ?/zere exists a constant C > smc/i ?/za? 
/or anj / e S fo (R d ) and x e R d , t e (0, 1] w'rt 4 > 0, 



\VP € ,f(x)\ < 



° 1 + lKr \p £ t \f\ p ) 1/p (x). 



(4.1) 



Proof. By an approximation argument and the Jensen inequality, we only need to prove (|4T 



for / 6 C l b (W) and p e (1,2). In this case, q := ^ > 2. 

Simply denote X. f = X f (x). By (|1.6I) . (13.11) and (13.21) . there exists a constant c > such that 
for all? 6 (0, 1], 

E( sup |V v XfH < ce ce > , E( sup lo-J 1 ^)! 2 * ) < c(l + |jc| m ) 2 V< (4.2) 

\.ve[0,/] / W[0,r] / 



Define 
Clearly, 

Below we take 



r := infU : l t > 1}. 
£ r > 1, £ T _ < 1. 
/3 t :=tA £ T , t > 0. 



By Theorem 13 .2[ for any v 6 R d with |v| = 1, we have 



|V v Pf/|</ 1+ / 2 +/3, 



(4.3) 
(4.4) 
(4.5) 



where 



h : = !l 



I 2 := —I 
1 

h := —I 



f(X e t ) f ( r; 1 (Xt)(v v Xt)d^ 

^ 

f(X [ t ) f Ttio-; 1 ^ cr s )(Xl) 
Jo 

f(X f t ) (A s AWlAW e ) 



•ve [0,t] 



where A s is in (13.131) . For I\, by Lemma I2TT1 and Holder's inequality, and using (|4.2I) and (12.31) . 
we have 



h < ^(P e t \f\ p ) l/P 
Pi, 

< ^(P ( t \f\ p ) l,p 
Pe, 



E (io k 1(Z ^( v ^)l d <) 



1/'/ 



12 



< ^(p e t \f\ p ) l/p (4,y 



< Cl(1 fl +w V i/n 1/j, te 

Pf, v f 



for some constant C\ > 0. By the choice (14.41) of /? f and the definition of A t , it is easy to see that 



\$s\ 2 ds = 
Jo Jo 



\ sa &S = t t Kt T =p et , 



and by (1431) . 



Therefore, 



Similarly, there exists a constant C2 > such that 



Pf, \ Jo 

< ^ l/rV'W* ( f EITr^V^ cr s )(Xlrd/3 fs 
Pc, \Jo 

< C 2 (l + W m )0Pf|/7) 1/p (p>,)~' I J e^dft 



1/'/ 



< C 2 (l + \x\ m )e c/q (P e t \f\ p ) 1/p . 
Finally, noting that Afi (s = A£ s I [0t ^(s), we have, for some constant C 3 > 0, 



Pf, 



Y (A s AW^ s ,AW is ) 



S€[0,t] 



^-(P { t \f\ p ) 1/P Y W(AAW^,aw { 



fit, 



iJWq 



■ve[0,f] 



^(Pt\f\ p ) Up Y ll A ^l2,IIA<ll4 9 l|AW,J| 4 , 



fit, 

C 3 (l + \x\ m ) 

fie, 

C 3 (l + \x\ m ) 
fit, 



*e[0,f] 



(Pfl/r) 1/p X |A4l 1/2 |A<| 1/2 e 



<_/(2<?) 



re[0,fl 



(Pfl/I^i/P £ |A^|ApV^e 



j„c/(2<?) 



ret0,t] 



.ve[(),?Ar] 



= C 3 (l + I^De^^CPfl/l^) 1 ^. 
Combining this with (1431) , (14771 ) and (1431 ), we obtain (gTT 
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(4.6) 



(4.7) 



□ 



Now we are in a position to give 



Proof of Theorem 1.1. By taking regular conditional probability with respect to 5, we have 

PJ(x) := Ef(X t (x)) = E(Ef(X f t (x))\ e=s ) = E(P?/(x)). (4.8) 
(i) For R > and t e §, define 

t(£) := inf{* : € t > R}. 
If we choose J3 t = t A t{£) in (|34b . then by (|4!8b and (f3~4b . we have, for any v € R d , 

W v P t f = h+I 2 + h, 

where 



'i • - 



'2 



: = 



Pf, Jo 
Pf, Jo 

Ptt 



se[0,f] 



As shown in the proof of Theorem 14. 11 it is clear that when ES t ^ 2 < oo, I U I 2 and 7 3 are well 
defined. Noticing that 



and 

we have 



h 



W P =We a/ = Wf 



1 f fAT 

/(X,) — < £ r; 1 (^)V v X^,dWs,> 

•J /AT Jo 



^1 

" fAT JO 



TrK'Vv^^XX^dS, 



and 



/0O^- X (<r;\X s -)Vv y x s „o- s (X s _)AW Ss ,AW Ss )) 

^ fAT s e[0,fAT] / 

f(X t )-^- f f (o-;\X s -W VvXs _o- s (X s -)x,x)N(ds,dx) 

fAT Jo JR d 

where the random measure N is defined by (11.81) . Thus, the formula (|1.71 ) is proven. 

(ii) By the Markov property, it suffices to prove (11.91 ) for t e (0, 1]. Then the estimate (11.91) 
follows from Theorem 4.1 and (14.81 ) by using the Holder inequality. So, it suffices to prove 
(11.101) for t 6 (0, 1] in the case that B{u) > cu a/2 , u > u , where a e (0, 2) and u > 0. In this 
case, for any y > Owe may find a constant C > such that for all t > (see e.g. [2, page 298] 
for the formula of ES 7 y ), 



i i i r° 

l— < 1 + E— = 1 + u y - l &- ,B(u) du 

s]m s] r(y)J 



< l + 



l 



r(r) 



"0 



M r-i e -^ /2 dM + 



14 



X«0 V. 



< 1 + 




du < 



1 a t 2 yi a ' 



c 



Therefore, (|1.10t follows from (I1.91 ). 



□ 
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